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SLOPES OF FIBERED SURFACES WITH A FINITE CYCLIC 

AUTOMORPHISM 

MAKOTO ENOKIZONO 


Abstract. We study slopes of finite cyclic covering fibrations of a fibered surface. We give 
the best possible lower bound of the slope of these fibrations. We also give the slope equality 
of finite cyclic covering fibrations of a ruled surface and observe the local concentration of 
the global signature of these surfaces on a finite number of fiber germs. We also give an 
upper bound of the slope of finite cyclic covering fibrations of a ruled surface. 


Introduction 

Let /: S —y B be a surjective morphism from a complex smooth projective surface 5 to a 
smooth projective curve B with connected fibers. The datum (S, /, B ) or simply / is called a 
fibered surface or a fibration. A fibered surface / is said to be relatively minimal if there exist 
no (—l)-curves contained in fibers of /, where a (—l)-curve is a non-singular rational curve 
with self-intersection number —1. The genus g of a fibered surface / is defined to be that of 
a general fiber of /. We put Kf — Ks — J*Kb and call it the relative canonical bundle. 

Assume that /: S — > B is a relatively minimal fibration of genus g > 2, and consider the 
following three relative invariants: 

Xf ■= xiPs) -{g- i)0-i), 

K 2 f = K 2 s -8(g-l)(b-l), 

e S : = e(S) -4(0 — 1)(6 — 1), 

where b and e(S) respectively denote the genus of the base curve B and the topological Euler 
characteristic of S. Then the following are well known: 

• (Noether) 12 Xf = Kf + e/. 

• (Arakelov) Kf is nef. 

• (Ueno) Xf 0, and Xf = 0 if and only if / is locally trivial (i.e., a holomorphic fiber 
bundle). 

• (Segre) ef > 0, and ef — 0 if and only if / is smooth. 

When / is not locally trivial, we put 
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and call it the slope of /. Then one sees 0 < A/ < 12 from the above results. The slope of 
a hbration has proven to be sensible to a lot of geometric properties, both of the fibers of 
/ and of the surface S itself (cf. [I]). A hbration of slope 12 is called a Kodaira hbration, 
hrst examples of which were constructed by Kodaira in |8j. In particular, the upper bound 
is sharp. As to the lower bound, Xiao showed in p5] the inequality 


which is nowadays called the slope inequality. Furthermore, hbrations with slope 4 — 4 /g are 
turned out to be of hyperclliptic type m and USD- Hence a shaper lower bound is expected 
for non-hyperelliptic hbrations. 

It is generally believed that there is the lower bound of the slope depending on the gonality 
(or the Clifford index) of hbrations. Though there are several attempts, a general bound is 
still in fancy. To attack such a problem, one of the most hopeful strategies may be to extend 
a special kind of linear system (e.g., a gonality pencil) or an automorphism of a general fiber 
to the whole surface and to study the hbration through the covering structure on S thus 
obtained. However, it is usually impossible to have the desired extension, mainly because 
the object in question on the hber is not unique and the monodromy forces it to change 
from one to another (see, 0 )- So, we are naturally led to consider the toy case that the 
hbration / : S —> B is obtained from another hbration W —> B via a covering map S —> W. 
Besides the hyperclliptic hbrations, one of the remarkable results in this direction obtained 
so far is due to Cornalba and Stoppino [6]. They gave the lower bound for the slope of double 
covering hbrations and constructed examples showing its sharpness, extending a former result 
for bi-clliptic hbrations by Barja [2j. See also [12] for recent developments of double covering 
hbrations. 

In this paper, we consider hbered surfaces induced from a particular type of cyclic coverings, 
and try to generalize results for double coverings. More precisely, we shall work in the 
following situation. A relatively minimal hbration /: S —> B of genus g > 2 is called a 
primitive cyclic covering fibration of type ( g , h, n), if there exist a (not necessarily relatively 
minimal) hbration ip: W —> B of genus h > 0, and a finite cyclic covering 


9: S 


' n—1 


Spec^ ® O w (-jd) 


d =o 


->• W 


of order n branched along a smooth curve R G |n0| for some n > 2 and t) G Pic(IH) such 
that / is the relatively minimal model of / := Up o 6. Here, we put the adjective “primitive”, 
because a finite cyclic covering between non-singular surfaces is not necessarily obtained in 
this way. Nevertheless, the assumption would be acceptable, because the situation in [6] 
is exactly the case n = 2 and h > 0, and a hyperclliptic hbration is nothing more than a 
primitive cyclic covering hbration of type ( g , 0, 2). Furthermore, Kodaira hbrations in [8] are 
among primitive cyclic covering hbrations with W being product of two curves. 

As the hrst main result, we shall show the following: 
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Theorem 0.1. Let f: S —> B be a primitive cyclic covering fibration of type ( g,h,n ). If 
h > 1 and g > (2 n — 1)(2 hn + n — l)/(n + 1), t/ien we have 

K 2 > 24(p — l)(n — 1) _ 

f ~ 2(2 n - l)(g - 1) - n(n + 1 )(h - l) Xf ' 

Moreover, we will construct an example showing that the inequality is sharp (Example 12.51) . 
Putting n = 2, one recovers Cornalba-Stoppino’s inequality shown in [6j. The essential idea 
of the proof is analogous to the double covering case. We take a relatively minimal model 
(p\W — > B of <fi: W —>■ B (unique when h > 0) and consider the effects to the invariants 
of the “canonical resolution” of singular points of the branch curve R C W (obtained as 
the direct image of R). One of the striking facts in our setting is that the multiplicities of 
singular points must be either 0 or 1 modulo n (Lemma [175]) . 

When h = 0, we can move from one relatively minimal model ip\ W —» B to another 
via elementary transformations among P 1 -bundles, in order to standardize the branch locus. 
This enables us to prove a more accurate result. Namely, we shall show the slope equality for 
them. 


Theorem 0.2. There exists a function Ind: Pl 9 ,o,n —> Q>o from the set A 9t o, n of all fiber 
germs of primitive cyclic covering fibrations of type ( g,0,n ) such that Ind(F p ) = 0 for a 
general p e B and 



2(2 n 


24 (g — l)(w — 1) 

- 1 ){g - 1) + n[n + 1) 


Xf + Ind ( F p) 

p£B 


for any primitive cyclic covering fibration f: S —>• B of type (g,0,n). 


This is a generalization of the hyperclliptic case (cf. [16]). Ind(F p ) is called the Horikawa 
index of the fiber F p and defined in terms of singularity indices (Definition 14.ip over p £ B 
of the branch locus (see Theorem 14.31 for the detail). This enables us to observe that the 
signature of S is concentrated on singular fibers by introducing the local signature of a fiber 
(Corollary 14.51) . For a general discussion on the slope equalities, Horikawa index and the 
local signature, see [TJ. 

As the third result, we will give an upper bound of the slope. 


Theorem 0.3. Let f: S —)• B be a primitive cyclic covering fibration of type (g,0,n) and 


assume n > 4. Put r := — 

n — 1 

(1) If n < r < nfn — 1), then 


+ 2 , S — 


Kj < f 12 - 


0, if r G 2nZ, 
1, if r fL 2nL. 

48 n 2 (r — 1) 


Then, the following hold: 


(2) If r > n(n — 1), then 
K) < (12 


(n — 1)(tt, + l)(r 2 — 5n 2 ) 
48 n{n — 1 )(r — 1) 


Xf- 


n{n + l)r 2 — 8(2n — l)r + 24 n — Sn 3 (n + 1) 


Xf- 


3 













This in particular implies that we cannot have a Kodaira fibration when h — 0 and n > 4, 
even if we consider not only Kodaira’s original constructions but also such extended category 
of primitive cyclic covering fibrations. Unfortunately, it seems that our method does not 
work well when n = 3, and we fail to obtain an upper bound. We leave it as a future study. 
An upper bound for the slope of hyperclliptic fibrations was obtained by Matsusaka in [13] 
which was improved by Xiao mi. 

Acknowledgment. The author expresses his sincere gratitude to Professor Kazuhiro Konno 
for his valuable advice and warm encouragement. 


1. Primitive cyclic covering fibrations 


Throughout the paper, n denotes an integer greater than 1. We begin with the following 
elementary lemma. Note that it does not hold for n = 3, as the case a = b = 1 shows. 


Lemma 1.1. Let n be a positive integer and a, b integers such that gcd(a, b, n) — 1. Ifn> 4, 
then either a + 2b ^ nZ or 2a + b nL. 

Proof. Suppose on the contrary a + 2b £ nL and 2a + b £ nL. Then we have 3 (a + b) £ nL 
and a — b £ nL by adding and substituting them. If n ^ 3Z, it follows from 3 (a + 6) £ nL that 
a + b £ nZ, and we conclude a, b £ nZ, which contradicts gcd(a, b, n ) = 1. So we can assume 
n £ 3Z. Put n = 3k with an integer k > 2. Since a — b £ nL, we may write a = b + 3 kl with 
an integer l. Then 2 a + b = 3(6 + 2 kl). Since 2a + b £ nL = 3kL, we have b £ kL. Then, it 
follows a £ kL, contradicting ged (a,b,n) = 1. □ 


Let X be a smooth projective surface and a £ Aut(X) a holomorphic automorphism of X 
of order n. We denote by Fix(cr) the set of all fixed points of a. 

Take a point x £ Fix(er) and an open neighborhood of U of x such that cr(U) = U. 
Let ( Z\,Z 2 ) be a system of local coordinates on U with x = (0,0), and write <r(z) = 
(o~i(zi, z 2 ), cr 2 (zi, z 2 ))- If a t (z \, z 2 ) = a t ^Zi + a i)2 z 2 + ••• is the expansion around x, then 
the Jacobian matrix at x is given by 


('JA)a: 


Since cr n = Id, we may assume that 


( a 1,1 a 1,2 

\ 02,1 ® 2,2 


Ol,l ° 1,2 
0 - 2,1 ® 2,2 


( C kl 0 \ 

Vo c k2 ) 


where f = exp(27 r\/—l/n) and k\,k 2 are integers satisfying 0 < k\ < k 2 < n — 1. Since 
a 7 ^ Id, we have k 2 > 0. It is clear that x is a smooth point on a 1-dimensional fixed locus 
when ki = 0, and that it is an isolated fixed point when k\ > 0. Since a is of order n, we 
have gcd(/ci, k 2 ,n) = 1. If the Jacobian matrix at x has the canonical form described above, 
then we call x a fixed point of type {ki, k 2 ). Let p\ : X x —» X be the blow-up at a fixed point 
x of type (ki , k 2 ). Put E := pf 1 ^) and let <7\ be the automorphism of X\ of order n induced 
by a. Then one easily sees that E C Fix(cri) when k\ = k 2l and that there are exactly two 

4 


isolated fixed points on E of respective types (. ki,k 2 — k±) and (hi — k 2 ,k 2 ) when k\ ^ k 2 . 
With this remark, the following can be shown by using Lemma 11.11 repeatedly. 

Lemma 1.2. Let X be a smooth projective surface with an automorphism a of order n. If 
there exists a birational morphism p: X X such that the automorphism a on X induced 
by a has no isolated fixed points, then either n < 3 or any isolated fixed point of a is of type 
(. k , k) for some k (0 < k < n, gcd(fc, n) = 1 ). 

We apply the above observation to the situation we are interested in. Before going further, 
we need some preparations. 

Let Y be a smooth projective surface and R an effective divisor on Y which is divisible 
by n in the Picard group Pic(Y), that is, R is linearly equivalent to nd for some divisor 
0 G Pic(Y). Then we can construct a finite n-sheeted covering of Y with branch locus R 
as follows. Put A = ©"To £V(— f0) and introduce a graded CV-algebra structure on A by 
multiplying the section of CV(nh) defining R. We call Z := Spec y (^4) equipped with the 
natural surjective morphism p\ Z —> Y a classical n-cyclic covering of Y branched over R, 
according to [0j. Locally, Z is defined by z n = r(x, y), where rfx, y) denotes the local analytic 
equation of R. From this, one sees that Z is normal if and only if R is reduced, and Z is 
smooth if and only if so is R. When Z is smooth, we have 

(1.1) p*R = nRo, Kz = V*Ky + (n — l)i? 0 , Aut (Z/Y) ~ TLfnTL 

where Rq is the effective divisor (usually called the ramification divisor) on Z defined locally 
by z = 0, and Aut {Z/Y) is the covering transformation group for p. 

Definition 1.3. A relatively minimal fibration f: S ^ B of genus g > 2 is called a primitive 
cyclic covering fibration of type ( g , h, n), if there exist a (not necessarily relatively minimal) 
fibration p: W —» B of genus h > 0, and a classical n-cyclic covering 

t n—l 

i=o 

branched over a smooth curve R G |nU| for some n > 2 and c) G Pic(PF) such that / is the 
relatively minimal model of / := <po 9. 

Remark 1.4. Note that a finite cyclic covering between complex manifolds is not necessarily 
obtained in this way. For example, the most typical cyclic n-sheeted covering between com¬ 
plex lines given by z H > z n branches over only two points (0 and oo). This is why we put the 
adjective “primitive” to our cyclic covering fibrations. 

Let /: S —» B be a primitive cyclic covering fibration of type (g, h,n ). We freely use the 
notation in Definition 11.31 Let F and F be general fibers of / and <p, respectively. Then the 
restriction map 9\p: F —» T is a classical n-cyclic covering branched over R fl T. Since the 
genera of F and T are g and h, respectively, the Hurwitz formula gives us 

r _ jjf = 2 0 - 1 - «('* - 1)) 


j -> W 


( 1 . 2 ) 
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Note that r is a multiple of n. Let a be a generator of Aut(<S'/W) ~ Z/rtZ and p: S —> S 
the natural birational morphism. By assumption, Fix(5) is a disjoint union of smooth curves 
and 0 (Fix(er)) = R. Let <p: W —y B be a relatively minimal model of tp and p: W —» W 
the natural birational morphism. Since ip is a succession of blow-ups, we can write ip = 
ipi o • • • o ip jy, where ipi: W t —>■ i denotes the blow-up at Xi G Wj_i (i = 1,..., N) with 

IL'o = W and Wn = W. We define reduced curves R, on W, inductively as Ri-i = ( pp*Ri 
starting from R N = R down to R 0 =: R. We also put E t = pf l (xi) and rn, = mult a , i (i? i _ 1 ) 
for % — 1, 2,..., N. 


Lemma 1.5. With the above notation, the following hold for any i — 1,... , N. 

(1) Either rrii G nZ or rrti G nZ + 1. Moreover, mi G nZ holds if and only if Ei is not 
contained in Ri. 

771 ■ 1 

(2) Ri = ip*Ri_i — n —- E it where [t] is the greatest integer not exceeding t. 

- n J 

(3) There exists d, G Pic(Wj) such that d, = ip*Vi -1 and R, ~ ndi, t)jv = 


Proof. Since R = Rn is reduced, every R, is reduced. Set t)jv = 0- Since Pic(Wjv) = 
^Pic(lWv_i) 0 Z [En], there exist Dat_i G Pic(Wjv-i) and 4 gZ such that hv = 'Pn^n-i — 
d N E N . Then, inductively, we can take G Pic(Wj_i) and d, G Z such that d, = ip*T>i -1 — 

diEi , for i = N, N — 1,..., 1. Since R = /hv ~ nD = ip* N {rib jv-i) — nd^E N and = 

(■ ip N )*R N , we get Aat.! nhjv-i, where the symbol ~ means linear equivalence of divisors. 
Then, by induction, we have R, ~ rit>, for any i. 

Now, if Ei is not contained in Ri, then Ri is the proper transform of Ri- 1 by pi, and hence 
we have rn, = ndi. Similarly, if Ei is contained in Ri, then, since R. t is reduced, Ri — Ei is the 
proper transform of Ri-i by pi, and hence we have rn t = dpri + 1. In either case, di = [■uq/n]. 
□ 


A smooth rational curve with self-intersection number —k is called a {—k)~ curve. An 
irreducible curve on S is called f-vertical if it is contained in a fiber of /, otherwise, it is 
called f-horizontal. 

Lemma 1.6. Let E be an f-vertical (—1 )-curve on S and put L = 6(E). 

(1) If E C Fix(cr), then L is a Ip-vertical (— n)-curve and contained in R. Conversely, for any 
tp-vertical (—n)-curve L’ c R, there exists a f-vertical (—1)-curve E' such that E' C Fix(d) 
and 6*L' = nE'. 

(2) If E p Fix((x), then L is a tp-vertical (—1 )-curve and there exist f-vertical (—1 )-curves 
E 2 ,... ,E n such that 9*L = Lj + E 2 + • • • + E n and E 1: E 2 ,..., E n are disjoint, where Ei = E. 
Moreover, iff): S —>• S andp: W —> W denote the contractions ofCf =l Ei andL, respectively, 
then there exists a natural classical n-cyclic covering 9: S —>■ W branched over R = p^R such 
that 9 o p = p o 9. 

Proof. (1) Suppose that E C Fix((x). Then L is ^-vertical and L C R. From the last, it 

follows 9*L = nE. Since nL 2 = ( 9*L) 2 = n 2 E 2 = —n 2 , we get L 2 = —n. Since 9\e- E —>■ L 
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is an isomorphism, we have L ~ P 1 implying that L is a (—n)-curve. The rest of (1) may be 
clear. 

(2) Suppose that A <f_ Fix(er). Then either 9* L is irreducible or it consists of n irreducible 
curves. The first alternative is impossible, because, if 6*L = E, we would have L 2 = —1 jn 
which is absurd. Therefore, 9*L consists of n irreducible curves Ei ,..., E n . We may assume 
E\ = E. Note that some power of a maps E isomorphically onto Ei for any i. Therefore, 
every Ei is an /-vertical (—l)-curve, since so is E. All the Ei s must be contracted by p, since 
g > 0. It follows that A/s are mutually disjoint. In particular, we see that L D R = 0. Let 
p: S —» S and ip: W —> W be the contractions of U" =1 Aj and L, respectively. Then R = ip^R 
is isomorphic to R. In particular, it is smooth and ip R = R. There is a uniquely determined 
element c) e Pic(W) satisfying d = ip d. Then we have R ~ nh. Hence we can construct 
a classical n-cyclic covering 6: Spec(0Jlg J®)) W branched over R. Clearly, it is 

isomorphic to the natural map S —> W. □ 

By this lemma, we can assume from the first time that all the /-vertical (—l)-curves are 
contained in Fix(cf). In what follows, we tacitly assume it. We decompose p: S —* S into a 
succession of blow-ups as p = p\ o • • • o p fc , where pi: Si —* S^i is a blow-up (i = 1 ,..., k), 
S k = S and S 0 = S. 

Lemma 1.7. a induces on Si an automorphism cp of order n for each i, and the center of 
Pi is a fixed point of <7j_i. 

Proof. Let E t be the exceptional (—l)-curve of pi. On S k = S, we put a k = a. Then 
we have E k C Fix(cr/ C ) by assumption. Then a k induces an automorphism a k -i of S k -i 
of order n. If ak-i(E k -i ) ^ E k - 1 , then, as in the proof of Lemma fL6l (2), one can show 
Ek-i nFix(afc-i) = 0. This implies that A fc _! can be regarded as a (—l)-curve on S disjoint 
from Fix((x), contradicting our assumption. Hence a k -i(E k _i) = E k _i and a k -i induces an 
automorphism cr k _ 2 of S k _ 2 of order n. Now, an easy inductive argument shows the assertion. 
□ 


We put cr := cr 0 . Since a has no isolated fixed points, it follows from Lemma [L2l applied 
to p: S — > S that either n < 3 or every isolated fixed point of a is of type (l, l ) for some l. 
When n = 2, it is clear that every isolated fixed point is of type (1,1). For n — 3, we can 
show the following: 

Lemma 1.8. If n = 3, any isolated fixed point x of a is of type either (1,1) or (2, 2). 

Proof. Assume that x is an isolated fixed point of type (1, 2). Let pi : Si —* S be the blow-up 
at x. Then the automorphism cy induced by a has two isolated fixed points of respective 
types (1,1) and ( 2 , 2 ) on pf 1 (x). We need to blow Si up at two such fixed points to get S. 
We denote the proper transform of pf x (x) by A, and A, the new exceptional (—l)-curves 
coming from the fixed point of type (/ i ) (i = 1,2). Then A is a (—3)-curve not contained in 

Fix(d), while A 1; A 2 C Fix(cr). Let L, A 1; L 2 be the image of A, A 1; E 2 under 9, respectively. 
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One sees easily that L is a (—l)-curve not contained in R , and that L 1; L 2 are (—3)-curves 
contained in R. Furthermore, L + Li + L 2 is contained in a fiber of Up. 

On the other hand, 9\e- E — > L is a classical 3-cyclic covering branched over flOL. 
Recall that R O L contains at least two points LC\Li and LP\L 2 . Since E and L are smooth 
rational curves, we apply the Hurwitz formula to see that it branches over exactly two points. 
Therefore, L meets R exactly at L 0 (Lj U Lf). Since L is a ^-vertical (—l)-curve, we can 
assume that if contracts L. By what we have just seen, after the contraction, the image of 
L will be a double point on the branch locus. This contradicts Lemma [1.51 (1). □ 

Therefore, we get the following lemma: 

Lemma 1.9. Any irreducible curve contracted by p is a f-vertical (—1 )-curve contained in 
Fix(cr). 

Proof. We write p = p\ o • • • o p k as before. It suffices to show that the center of pi is an 
isolated fixed point of <7j_i for any i. Suppose that the center of pi is a smooth point of a 1- 
dimensional fixed locus of cy_i. Let its type be (0, l), gcd(Z, n) = 1. Then, on the exceptional 
(—l)-curve of p i: we can find an isolated fixed point of type {n — 1,1). This is impossible by 
Lemmas 11.21 and 11.81 □ 

From this lemma, we can reconstruct (S, cr) from (S', a) by blowing up isolated fixed points 
of a. 


2. Lower bound of the slope 


The purpose of this section is to show the following theorem: 


Theorem 2.1. Let f:S^B be a primitive cyclic covering fibration of type ( g,h,n ). If 
h > 1 and g > (2 n — 1)(2 hn + n — l)/(n + 1), then K'j > \ g ^, n Xf holds, where 


( 2 . 1 ) 


Xg } h,n 


24(n — 1)(<7 — 1 ) 


2(2n — l)(g — 1) — n{n + 1 ){h — 1) ’ 


Remark 2.2. (1) By 01.21) . the condition g > (2 n — 1)(2 hn + n — l)/(n + 1) is equivalent to 
r > 3g/ (2 n — 1) + 3, and 
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^g,h,n = 


1 + r(n + l)/6 (g — 1) ’ 

(2) The case where h = 0 needs a separate treatment. As we shall see later in Theorem 14.31 
the inequality K'j > X 9t h,nXf a l so holds for h = 0. 


We keep the notation in the previous section and, for the time being, we do not exclude the 
case where h = 0 from the consideration. We obtain a classical n-cyclic covering 6 t : S t —> Wf 
branched over Ri by setting 










Since Ri is reduced, S t is a normal surface. 

There exists a natural birational morphism Si —> S^i. Set S' = S 0 , 9 = 9 0 , c) = 0 0 and 
f = (poe. 


P 


c _ c c ^ ^ c _ of ^ o 

O — O7 V -^ OTV—1 -^ ‘ Oq — O O 



(2.3) 


2—1 


c> = V/h 


N 

£ 

2=1 


r m 

L n 


E u 


where E* denotes the total transform of A*. Since 

K S = r (K W + (n - 1)5) 


and 


we get 

(2.4) 

(2.5) 


Similarly, we have 
( 2 . 6 ) 

(2.7) 


_| lb X 

x(Og) = nx{O w ) + - M:R) + K~), 

3 =1 

K 2 J = n(Ef+ 2(n-l)A>h + (n-l)V), 

^ n—1 

X/ = + 2 + A » • 

3 = 1 

cu 2 , = n(A' 2 + 2(n - 1)A^D + (n - 1) 2 0 2 ) 

^ n— 1 

Xf = nx v + -'%2Mjl> + K ip ), 

3=1 
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where up denotes the relative dualizing sheaf of /'. Combining these equalities fl2.2[) .. ... (12.71b 
we obtain 


( 2 . 8 ) 

(2.9) 


4 - K J 


Xf ~ Xf 


N 

n Yl (( n_ x ) 

i=1 


~m£ 

. n . 



N 


—77.(77, - 1) ^ | —i ((2 n 


2=1 


rrii 

n 



Lemma 2.3. Assume that 

2n — 1 , 

a > -(2 hn + n — 1) 

n + 1 

when h > 0. Then > \ g ,h,nXf> where \ g ,h,n ts the rational number in (12.11) . 


Proof. Suppose that h — 0. Then R is numerically equivalent to (—r/2)K tp + MY for some 
M G \7L since ip: W —> B is a P 1 -bundle and K W T = —2, RY = AT = r. Moreover, = 0 
and X(p — 0- Hence we have 


u 2 f , 

Xf 


4(g - l)(n - 1) M 
n 

2(2 n-l)( g -l)+n( n + l) 
6 n 


from (II.2D . (12.61) and (I2.7H . Thus, we get u'j, = A g ,o,nXp- 

If h = 1, then = 0 and x<p — x(@w) since ip is a relatively minimal elliptic surface. 
Then we have 


2 \ 

Up — A g ,l,nXf — 


n 


K - 


2n — 1 


n(n — l)(n + 1) 

H-----A v 0 


2n - 1 


( 2 . 10 ) 


n(n 


1) 


2 n - 1 


((n + 1)A^0 - 12x v ). 


By the canonical bundle formula, K v is numerically equivalent to x(@w) T + Xn=i(l — l/fci)T, 
where {fc* | z = 1 ,...,/} denotes the set of multiplicities of all multiple fibers of tp, hi > 2. 
Hence, we have 

K v * > x(O w )TO = 2 ^~ l \ X {O w ). 

n[n — 1) 

Thus, 


> 


n n 


1) 


2n- 1 
n(n — 1) 
2n — 1 


((n + 1)K^ - 12% v ; 

2(n + l)(g — 1) 
n(n — 1) 


12 


1 x(CV) 




(2.11) = ((n + 1)<? - (2n - l)(3n - l))x(CV). 

From (12.101) . (12.lip and hypothesis (7 > (2n — l)(3n — l)/(n + 1), we have > \ g ,i >n Xp- 
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Let h > 2. We compute coj, — A g ,h,nXf by (12.61) . (12.71) as follows: 


CO 


f - a g,h,nXf = + 2(n - 1 )K ip D + (■n - 1) 0 2 ) 


1 1 

-A g>h ,n ( nx v + -n(n - 1 )K v d + — n(n - 1)(2 n - 1)0' 


n(K A g t h,nX<p ) A 


n{n — 1) 


(8 - \ gj h,n)K(pd 


( 2 . 12 ) 


n{n — 1) 

12 


(12(n - 1) - (2n - 1)A 9 iM )0 2 . 


Since the slope inequality of gives us 


Kl > 4(/l 


f — 


h 


X<pi 


we have 


(2.13) 


AA Xg,h,nXtp 


h\ 


g,h, n 


> 


4(h — 1) V v 

h\g t h,n 


,iA 


h 


Kl - IKK—tiy ) + ( 1 _ ) A 2 


4(h-l) 


, A" 2 . 

4(a -1) y v 

We consider the intersection matrix of 
(2.14) 


Kl AbO AW 

AbO 0 2 or 


I<lr or 


o 


By Arakerov’s theorem, we have A' 2 > 0 and then the matrix is not negative definite. Hence 
the determinant of (12.141) is non-negative, that is, we have 

(2.15) 2(i^o)(or)(i^r) - o 2 (A^r) 2 - (or ) 2 aJ > o 

by the Hodge index theorem. Since 

0r = r = 2(g — 1 — n(h — 1)) 
n n(n — 1) 


and 


AT v r = 2(/i- 1), 


the inequality (12.15jl is equivalent to 

(2.16) 2(g — 1 — n{h — 1))A^0 — n{n -l)(h— 1)0 2 > — -- — 

n(n — 1 ){h — 1) 

On the other hand, by the definition of A g ,h,n, we have 

n(n — 1) 


(g-l-nih-VYKl. 


(8 A g,h,n) 

n(n — l)(u + 1) 


2(2/i - I)(<y — 1) - /).(/). - 1)(/) - 1) 

li 


2 (g- 1 -n(h- 1)) 


(2.17) 



















and 


(2.18) 


(I2( n - 1) - (2n - 1)A 9A „) 
n{n — l)(n + 1) 

2(2 n — l)(g — 1) — n(n + 1 )(h — 1) 




Hence, combining (12.121) . (12.131) . (12.161) . (12.171) and (12.181) . we get 


2 \ \ i h,n \ 

u,,-\ 3AnX f > 


K 2 


(2.19) 


+ 


4(/i -1)J * 

_ (w + 1 )(g - 1 -n(h- l)) 2 _ 2 

(h — 1)(2(2 n — l)(g — 1) — n(n + 1 ){h — 1)) v 


Since we have 


h\ gA n 2 (g — 1 ){—hn + 2 h — 2 n + 1) — n(n + l)(h — l) 2 
4 (h — 1) (/i — l)(2(2n — 1) (r/ — I) — n(n + 1 ){h— 1)) 


the right hand side of the inequality (12.191) is 


( 2 . 20 ) 


(g - l)((n + 1 )g - (2 hn + n - l)(2w - 1)) 2 

(h - 1)(2(2 n - 1 )(g - 1) - n(n + 1 )(h - 1)) ¥, ‘ 


By the assumption g > (2 n — 1)(2 hn + n — l)/(n + 1), (I2.20p is non-negative. 


□ 


Proof of Theorem 2.1. Let £ be the number of blow-ups of p: S —>■ S. Then we have 


Kj = K) - e. 


( 2 . 21 ) 
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Using (12.8ft . (12.9ft . (12. 1 7ft and (12■ 18ft . we can calculate Kj — X 9t h,nXf as follows: 
f Xgji t nXf ^ 9 ih,nXj T ^ 


N 


= W 


(( n_ x ) 


rrii 


i =1 


n 


\,h,nXf 


N 


+X gXn —n(n - 1) 

i =1 


ITii 


n 


(2 n - 1) 


mi 


L n J 


— 3 ) + £ 


N 


LOji Xg t h : nXf' fo l2 U ( n 1 )^ 9 , h,n 12('/T- 1)) ^ ' 


i =1 


fflj 

n 


N 


i= 1 
. 2 / 


+ ^n(n - 1)(8 - A g>h>n ) ^ | ^ 


nN + £ 


CJjv A g t h,nXf fo 


n 2 (n — l) 2 (n + l)(h — 1) 

2(2n — l)(g — 1) — n(n + 1 )(h — 1) l n . 


( 2 . 22 ) 


2n(n — l)(n + l)(g — 1 — n(h — 1)) 


2(2n - l)(g - 1) - n{n + l)(h - 1) 


-t \ \ N 

11)) y' r^i 
— 1) I. n 


nN + e. 


When h > 1, the right hand side of (12.22ft increases monotonically with respect to the 
multiplicity m*. So we may assume that [mi/n] = 1 for all i — 1,.. N. Then, 

n 2 (n — 1 ) 2 (n + 1 ){h — 1) 


N 

E\ rrh 

I. n - 


N 


2n(n — l)(n + l)(g — 1 — n(h — 1)) ^ 

"2(2 n - 1 )(g - 1) - n(n + 1 )(h - 1) 

n 2 (n — 2) N 


mi 


n 


— nN 


2(2 n -l){g-l)~ n{n + 1 )(h- 1) 

> 0. 


((n + 1 )(n- 2 )(h - 1) + 2 (g - 1)) 


Combining them with Lemma 12.31 we conclude the proof. □ 

Remark 2.4. From the proofs of Theorem 12.11 and Lemma 12.31 K 2 = X g) h,nXf holds if and 
only if the following 3 conditions are satisfied: 

(1) Either R is non-singular, i.e., R = R or n = 2 and R has only negligible singularities. 

4 (h _ i) 

(2) The equality sign of the slope inequality of „ holds: Kj = —j—%, 

(3) The intersection matrix of {A^cpT} is singular, i.e., A^,h,r are linearly dependent in 
NS(VF) r . 


13 

































This also holds for h = 0 as we shall see in Theorem 14.31 The above condition (2) means 
that <p is locally trivial or hyperelliptic with the Horikawa index 0 (cf. P], [I5j). We will give 
an example of primitive cyclic covering hbrations of type (g, h, n ) with the slope X g> h,n and 
(p being locally trivial in Example 12.51 

Example 2.5. Let B and T be smooth curves of genus b and h, respectively. Let hi and 02 
be divisors on B and T of degree N and M, respectively. For N and M sufficiently large, 
the divisor h := p*hi + p%0 2 on B x T gives us a base point free linear system, where p\ and 
p 2 are the natural projections from B x T to B and to T, respectively. Thus, we can take 
a smooth divisor R G |nh| for any n > 0 by Bertini’s theorem. Hence we may construct a 
classical n-cyclic covering 9: S —» B x T branched over R. Let /: S —> B be the composite 
of pi and 6. We will compute Kj and Xf- Let F be a general fiber of / and g the genus of 
F. Applying the Hurwitz formula to 9\p' F —> T = {t} x T, we have 

2g — 2 = n(2h — 2) + {n — l)n(p*h! + p* 2 ^ 2 )Pit 
= n(2h — 2) + (n — 1 )nM. 

Hence 

M 2(g — 1 — n(/z — 1)) 
n(n - 1) 

Since K pi = p^K? and y Pl = 0, we obtain 

Kj = {6*(K P1 + (n- l)h)) 2 

= n(pl(n - l)0i +p* 2 ((n - l)h 2 + K v )) 2 
= 2n(n — l)N((n — 1)M + 2(h — 1)), 

and 

^ n —1 

Xf = nx P1 + -^2jd(jd + K pi ) 

3 =1 

1 1 

= --n(n - l)dK pi + — n(n - 1)(2 n - l)h 2 
= ~ l)AT(2/i — 2) + Y^ ri ( ri — l)(2n — 1)2A^M 

= ~n(n — l)N(3(h — 1) + (2n — 1 )M). 

Thus we get 

Kj _ 12(2(> - 1) + 0 - 1)M) 

X/ 3(h — 1) + (2?r — 1)M 

24(n-l)0-l) 

2(2n — l)(g — 1) — n(n + l)(h — 1) 

= X g ^h,n- 
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This example implies that the bound of Theorem 12.11 on the slope is sharp when h and n are 
fixed arbitrarily. 

3. Primitive cyclic covering fibrations of a ruled surface 

From now on, we concentrate on the case h — 0 and consider primitive cyclic covering 
fibrations of type (g, 0, n). 

In this section, we study singular points on the branch locus R to know how /-vertical 
(—l)-curves in the ramification divisor appear. As we have already seen, this amounts to 
observing how />-vertical (—n)-curves in R appear. 


Lemma 3.1. There exists a relatively minimal model p: W —> B of p such that if n — 2 
and g is even, then 

mult X (R) < 7 - = g + 1 

for all x G R, and otherwise, 

mult x (/?,/,) < T - = — 9 — + 1 
2 n — 1 

for all x G Rh, where Rh denotes the horizontal part of R, that is, the sum of all ip-horizontal 
components of R. 


Proof. We take a relatively minimal model p : W —» B of p arbitrarily. Suppose that there 
exists a point x of R at which R has the multiplicity greater than r/2. Let T be the fiber of p 
through x. We will perform the elementary transformation at x as follows: Let : W\ —> W 
be the blow-up at x, Ei = iff l {x) the exceptional (—l)-curve and E[ the proper transform 
of T. Then, E\ is also a (—l)-curve. Let f)\ : W\ -A W' be the contraction of E[ and 
p ': W' —> B the induced fibratiou. Set x' = ^[(Ef) and T 7 = yf (Ei). Then, T' is the fiber of 
p' over t = p(T). Let m denotes the multiplicity of R at x. Put Ri = f>lR — n[m/n]Ei and 
R' = (if}[)^Ri. Let ml denotes the multiplicity of R' at x'. Then it follows from Lemma [1.51 
that R\ = WiYR' ~ n[m'/n]E[. Since RT = Riip*r = R\(Ei + E[), we have 


. n - 


+ 


m! 

n 


r 

n 


Moreover, since m > r/ 2, we get 


m' 

r 

rmi 


< — < 

_ 

n 

2n 

L n J 


Hence we have rn' < r /2 + 1 from Lemma [131 Moreover, m! < r/2 when n — 2 and g is even. 
If m! = r/2 + 1, then we have m! e riL + 1 and hence E[ is contained in R.\. In particular, T 
is contained in R. Since r/2 E nL , we have m = r /2 + 1. Hence the multiplicity of Rh at x 
is r/2. If m' < r/2 , we replace the relatively minimal model W with W'. Since the number 
of singularities of R are finite, we obtain a relatively minimal model satisfying the condition 
inductively. □ 
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In the sequel, we will tacitly assume that our relatively minimal model p: W —> B of p 
enjoys the property of the lemma. 

Remark 3.2. Recall that r is a multiple of n. If n > 3 and R has a singular point of 
multiplicity m > 2, then m < r /2 + 1 from Lemma 13.11 while m G nZ or m G nZ + 1 by 
Lemma [131 It follows that r > 2 n when n > 3 and A has a singular point. If r = n > 3, then 
R is non-singular and we have Kj = Xg y o,nXf by Lemma [2.31 If n = 2, then r = 2g + 2 > 6 
since g >2. 

Recall that the gonality of a non-singular projective curve is the minimum of the degree 
of surjective morphisms to P 1 . The gonality of a hbered surface is defined to be that of a 
general fiber (cf. [iTTj). 

Lemma 3.3. The gonality of a primitive cyclic covering fibration of type (g, 0,n) is n, when 
r > 2 n. 

Proof. We use the so-called Castelnuovo-Severi inequality. Assume contrary that the general 
fiber F has a morphism onto P 1 of degree k < n. This together with the natural map 
F —y F/(a\p) ~ P 1 defines a morphism : F —» P 1 x P 1 . If $ is of degree m onto the image 
$( F), then m is a common divisor of n, k and <&{F) is a divisor of bidegree (■ n/m, k/m ). In 
particular, the arithmetic genus of Q(F) is given by {n/m — 1 ){k/m — 1). Now, let F' be the 
normalization of &{F). Since the cyclic n-covering F —» P 1 factors through F', we see that 
the induced covering F' —>• P 1 of degree n/m is a totally ramified covering branched over r 
points. Then, by the Hurwitz formula, we have 2 g{F') = {n/m — l)(r — 2). Since the genus 
g{F') of F' is not bigger than the arithmetic genus of &{F), we get r < 2 {k/m), which is 
impossible, since r > 2 n and k < n. A more careful study shows that the gonality pencil is 
unique when r > 3n and that the gonality of F is not less than n/2 when r = n. □ 

As we saw in §1, /-vertical (—l)-curves in Fix(d) are in one-to-one correspondence with 
0-vertical (—n)-curves in R via 6. So we need to know how ^-vertical (—n)-curves in R 
appear during the process of “modulo n resolution” -0: W —» W of R. 

Let L ~ P 1 be a 0-vertical curve contained in R. Then we have 9*L = nD for some 
/-vertical D ~ P 1 contained in Fix((x). If D 2 = —a, then L 2 = —an. The image of L by the 
natural morphism W —>■ W is either a point or a fiber of ip. In either case, we define a 
curve C and a number c as follows. 

• If f>{L) is a point, then L is the proper transform of an exceptional (—l)-curve, say, 
Ej. Since E 2 = —1 and L 2 = —an, Ej is blown up an — 1 times in total to get L. We 
put C = Ej and c — an — 1. 

• If if>{L) is a fiber T of ip, then L is the proper transform of T. Since T 2 = 0 and 
L 2 = —an, T is blown up an times in total to get L. We put C = T and c = an. 

In the former case, since Ej is contained in Rj, the multiplicity of Rj-\ at the point obtained 
by contracting Ej is in nL + 1. We will drop j and simply write R instead of Rj for the time 
being. 
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Let x\,xi be all the singular points of R on C, and rrii the multiplicity of R at Xi. 
Clearly we have 1 < l < c. We consider a local analytic branch D of R — C around ay whose 
multiplicity at x % is m > 2 (i.e., D has a cusp at Xi). Then we have one of the following: 

(i) D is not tangent to C at ay. If we blow ay up, then the proper transform of D does not 
meet that of C. Hence we have ( DC) Xi = m, where ( DC) Xi denotes the local intersection 
number of D and C at ay. 


(ii) D is tangent to C at ay. If we blow x t up, then one of the following three cases occurs. 

(ii.l) The proper transform of D is tangent to neither that of C nor the exceptional (—1)- 
curve. 



(ii.2) The proper transform of D is tangent to the exceptional (—l)-curve. Then the 
multiplicity ml of the proper transform of D at the singular point is less than m, and we 
have ( DC) Xi — m + ml. 



(ii.3) The proper transform of D is still tangent to that of C. 



We perform blowing-ups at x % and points inhnitely near to it. Then the case (ii.3) may occur 
repeatedly, but at most a finite number of times. Suppose that the proper transform of D 
becomes not tangent to that of C just after h-th blow-up. If the proper transform of D is as 
in (ii.l) after k-th blow-up (or D is as in (i) when k — 0), then we have ( DC) Xi = (. k+l)m. If 
the proper transform of D is as in (ii.2) after /c-th blow-up, then we have (. DC) Xi = km + m!. 
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In either case, it is convenient to consider as if D consists of m local branches D i,..., D m 
smooth at ay and such that ( DjC) Xi — k + 1 for j — 1,..., m in the former case and 


, , k, for j = 1 ,... ,m — m! , 

^ 3 3Xi k + 1, for j — m — m! + 1,..., m 

in the latter case. We call Dj a virtual local branch of D. 

Notation 3.4. For a positive integer k, we let be the number of such virtual local branches 
D . satisfying ( D,C) Xi = k , among those of all local analytic branches of R — C around ay. 
Here, when mult Xi (D) = 1, we regard D itself as a virtual local branch. We let f max be the 
biggest integer k satisfying s^k ^ 0. 

We put ay,i = Xi and m i: i = mi. Let V’iq : Hu —> W be the blow-up at ay,i and put 
E it i = Ki) and Inductively, we define x itj , m iyj , : W iyj ->■ 

i, Efj and /?, 8J to be the intersection point of the proper transform of C and E t j ^\, 
the multiplicity of Rij-i at oyj, the blow-up of W hJ _i at ay j, the exceptional curve for 
and Rij = if*jRij-i — n\m l ,r j fn\E l ^, respectively. Put fbm = max{j | m^j > 1}, that 
is, the number of blowing-ups occuring over ay. We may assume that i\, m > (i + l)bm for 
i — 1,..., l — 1 after rearranging the index if necessary. 

Lemma 3.5. With the above notation and assumption, the following hold. 

(1) If n > 3, then i hm = i max for all i. Ifn = 2, then i hm = i max ( resp. i hm = i mstK + 1) if and 
only if m i> i max G 2Z (resp. m Mmax G 2Z + 1). 

(2) m iA = Yf'kffi s i,k + 1 and m Mbm G nL. 

(3) rriij G nZ (resp. nL + 1) if and only ifm i:j+ 1 = Ya^+i s rk + 1 (resp. Ylk^j+i s rk + 2). 

(4) ((R-C)C) Xi = Y!k=iks lM . 

(5) C = ^4=1 *bm- 

Proof. (1) is clear from the definitions of i max and 4> m - Since niij is the number of virtual 
local branches of Ri,j-i through ay j, we get the hrst equality of (2) and (3) by Lemma [131 
In (2), “+1” is the contribution of C. If m^j max G nZ + 1, then ayy max+1 is a double point, 
which is impossible when n > 3 by Lemma [1.51 Thus we have shown (2). (4) is clear from 
the definition of Sj^. For each i, we blow up ay G C and its infinitely near points on the 
proper transforms of C exactly i max times. Hence (5). □ 

Put t = (R — C)C. It is the number of branch points r if p(L) is a fiber of ip, while it is 
the multiplicity at the point x to which C is contracted if <p(L) is a point. By Lemma [3.51 
(4), we get 

^ *max 

t ^ ^ ^ ^ kSi^k- 

i= 1 fc=l 

Let Ci be the cardinality of {j \ G nL + 1}. Clearly we have 0 < <y < ib m — 1- Set 

dij = [mij/n}. 
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t + c 


^bm 


n 


Y.Y. d *.r 

i=l j =1 


Proposition 3.6. The following equalities hold: 

l l ^bm 

t+ c +j2 c i = 

2=1 2=1 j= 1 

Proof. It follows from Lemma [3.51 that 

l *max l / *bm \ l f *bm 

t — kSifi = I ' m i ,j — ®bm — Cj | = I 

i=1 fc=l *=1 \i=l / *=1 V J=1 

Hence we have the hrst equality. The second is clear from the first. 


rriij — Ci 


— c. 


□ 


Lemma 3.7. The following hold: 

(1) When n > 3, > rn,;j+i with equality sign holding if and only if s hJ = 0 when 

rn h j G nZ ; or Sjj = 1 when G nZ + 1. When n = 2, then m,j- + 1 > uq )J+ i with equality 
holding only if niij G 2Z + 1 and mjj+i G 2Z. 

(2) If mi j -i £ nZ + 1 and G nZ, then mjj > 

(3) If m.ij = ndij + 1 G nZ + 1, then d it j — d t j + i > n — 3. 


Proof. If m, ;J < mjj+i, then we have Sjj = 0 and mjj+1 = mjj+i, since rriij—rriij+i = Sij—1, 
Sij, or Sjj + 1. Then rrpj G nZ + 1 and we get 77^+1 G nZ + 2 by Lemma 13.51 (2). 
This contradicts Lemma 11.51 when n > 3. Hence > m M+ i. The rest of (1) follows 
from Lemma 13.51 (2). If rriij -1 G nZ + 1 and rn UJ G nZ, then rn,;j = s i,k + 2 and 

rn l ,j + \ = Y^k^j+i s i,k + 1 by Lemma 1331 (2). Then, m^j — rnij + \ = Sjj + 1 > 0 and hence (2) 
follows. Suppose that rri itJ = ndij + 1 G nZ + 1. Let C' be the exceptional curve E ij3 and 
define x\j, m 'ij, d'ij, c ' etc- ° n C' similarly to C. Since C' become a (—a'n)-curve by blowing 
up for some a! > 1, we have c' = a'n — 1. We may assume rriij +i = x . Then we have 


Hence we get 


m .i j + d 


n 


— d' p q > dij +1 + d — 1. 


P=1 9=1 


d i} j — djj+i > a'(n — 1) — 2 
T n — 3. 


and thus (3) follows. 


□ 


Proposition 3.8. (1) If g < {n — 1 ){an{n — l)/2 — 1), then there are no p-vertical (— an )- 
curves in R. 

(2) If ( n — 1 )(an(n — l)/2 — 1) < g < (n — l)(an 2 — (a + l)n — 1), then any ip-vertical 
{—an)-curve in R is the proper transform of a fiber of p. 

(3) Let x be a singular point of multiplicity m G nZ + 1. If the proper transform L of the 
exceptional curve obtained by blowing up at x is a {—an)-curve, then [m/ 71 ] > a{n — 1) — 1. 
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Proof. Let L be a <p- vertical (—cm)-curve in R. Since we have (t + c)/n = Y1] T =\ di,j — c 

by Proposition 13.61 we get t > (n — 1 )c. 

If L is the proper transform of a hber of ip, then t — r and c = an. Hence r > an(n — 1). 
Then 

, . / an(n — 1) \ 

9 > (n -1) (—^— L -1 ) 

by (JL3. 

If L is the proper transform of an exceptional curve E appeared in -0, then m > (an — 
1) (n — 1), where m denotes the multiplicity of the branch locus at the point obtained by 
contracting E. Hence (3) follows. Moreover, we have m<r/2 + lby Lemmas 13.11 and 13.51 

(1) . Then we get 

g > (n — 1 )(an 2 — (a + l)n — 1) 

from the above two inequalities and (II .2[) . 

By an easy computation, one can show 

(n — l)(an 2 — (a + l)n — 1) > (n — 1) f---1 j 

with equality sign holding if and only if (a, n) = (1,3). In sum, we get (1) and (2). □ 

When a = 1, we get the following: 

Corollary 3.9. (1) If g < (n — 2 )(n — l)(n + l)/2, then any irreducible components of R is 
(p-horizontal. 

(2) If (n — 2 )(n — l)(n + l)/2 < g < (n — 1 )(n 2 — 2n — 1), then any dp-vertical (— n)-curve in 
R is the proper transform of a fiber of ip. 

(3) The multiplicity of any singular point of the branch locus of type riL + 1 is greater than 
or equal to (n — l) 2 . 

4. Slope equality, Horikawa index and the local signature 

Let /: S —^ B be a primitive cyclic covering hbration of type (g, 0, n). Firstly, we introduce 
singularity indices. 

Definition 4.1 (Singularity index a). Let k be a positive integer. For p e B, we consider all 
the singular points (including infinitely near ones) of R on the hber T p of ip: W —> B over 
p. We let Oik(F p ) be the number of singular points of multiplicity either kn or kn + 1 among 
them, and call it the k-th singularity index of F p , the hber of /: S —> B over p. Clearly, we 
have ak(F p ) = 0 except for a finite number of p E B. We put cxk(F p ) and call it 

the k-th singularity index of /. 

We also define 0-th singularity index ao(F p ) as follows. Let D\ be the sum of all <p- vertical 
(— n)-curves contained in R and put Rq = R — D±. Then, ao(F p ) is the ramification index 
of <p|^ o : R 0 B over p , that is, the ramification index of ‘P|(^ 0 ) h : (Ro)h —■► B over p minus 
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the sum of the topological Euler number of irreducible components of (Ro) v over P- Then 
ao(F p ) = 0 except for a hnite number of p e B } and we have 

cto(Fp) = (Kp + Ro)Rq 

peB 


by dehnition. We put «o = X)peB a o(-Pp) and call it the 0-th singularity index of /. 

Remark 4.2. The singularity indices defined above are somewhat different from those defined 
in [16] for n — 2, because all singular points are “essential” if n > 3. One can check that the 
value of ttfc(Fp) does not depend on the choice of the relatively minimal model of W —» B 
satisfying Lemma 13.11 by the same argument for n — 2 in [Thj. 


Let e{F p ) be the number of (—l)-curves contained in F pj and put £ = J2 P eB £ (Fp)- This is 

no more than the number of blowing-ups appearing in p: S —> S. 

Now, we compute the numerical invariants of / using singularity indices. Recall that R is 
numerically equivalent to —rK^/2 + MT for some half-integer M. We express M in terms 
of singularity indices by calculating (K p + R)R in two ways. From (12.21) and (j2.3[) . we have 


(K p + R)R 


N 


1=1 


r(Kp + R) + ^ 2{ 1 

N 

(/w + R)R - J2 


mi 


i =1 


l n 


n 


n 


Uli 


n 


mi 


l n J 


E,- 


1 — 2 ) + MY 


--K„ + MT 


i/j*R — n 


-77V 
- n . 



nk(nk — 1 )cv 

k> 1 


and, thus, 

(4.1) (A> + R)R = 2 (r - 1 )M k{nk ~ !)<**. 

fc>i 


On the other hand, we have 

(4.2) (Ji^ + R)R = (Kp + Rq)Rq + Di^Kp + D\) = «o - 2e. 

Hence, 


(4.3) 


M = 


2 (r - 1) 


( a o + n k{nk — l)<v — 2e 

k> 1 / 


by flU]) and (1T2D . 
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Next, we compute Kj and Xf- We have 

N 


5 2 = i)2 -^,m,i 2 = 2r M _^ 
L n \ n z 

k> 1 


i =1 


~ „ rmu 2 M \ -v , 

dK(p = dKp + > — =-b y hath, 

L n J n 

i =1 fc>l 


i<i = ki~n = ~J2 «*• 

fc>i 


Thus, we get 


K}= -» 


52 + 2n(n - 1) j + 52 ka k J + 

fc>i V fc>i / 

2(n — l)((n — l)r — 2n) . .< 

—-—-2- Lm - n 2 _^{{n - l)k - 1)' 


n{n — 1)' 


{ 2 rM 




n z 


E* 2 

fc>i 


oik 




fe>i 


and 


X/ = —u(tt- l)(2n. 1) 


2 rM 


12 

n — 1 
6 n 


7l~ 


- k2( *k) + \ n ( n ~ !) + I] 

k> 1 / V fc>l 


(r(2n — 1) — 3n)M — 


n(n — 1) 
12 


E« 2 " — 1 )k 2 — 3 k)ak 


k> 1 


by f!2.4p and (I2.5I) . Hence, substituting (14.31) . we obtain 


~ n — 1 / (n — l)r — 2 n 

Ki = 1 v 


r — 1 




(o?o — 2s) T (?i T 1) 5 ^ k(y — nk T r )oik J — n E 0(k + £, 

fc>i / fc>i 


X/ 


n — 1 ( (2n — l)r — 3n . . . . v-^ , , , N A 

I 2( r -i) (- n -( a ° _ + ( n + X ) 52 k (~ nk + r )" fc J • 


These give us 

(4.4) e/ = 12y/ - Jl| = ( n - l)a 0 + n 52 a k - (2 n - l)f 


k> 1 


by Noether’s formula. Furthermore, we have 
Kf ~ ^g,0,nXf 

= 7b-77 -52(( n + x )( n - 1 )(~nk 2 + rk ) - (2n - l)r + 3n)a fc + e, 

v ’ fc>i 


where A 9) o, n is the rational number defined in (12. ip . In this expression, the coefficient of a*, 
is non-negative, since r > 2 n. In fact, the quadratic function (n + l)(n — 1)(— nk 2 + rk) — 
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(2 n — l)r + 3 n in k is monotonically increasing in the interval [1, r/2n\, and its value at k 
is 77 ,( 77 , — 2)(r — 77 — 2) >0. 

We put 


(4.5) 


Ind(Fp) = 77 ^ 


k> 1 


(77 + 1) (77 — l)(r — nk)k 
(2t 7 — l)r — 3?7 


1 ) Oik(Fp) + e(F p ) 


1 


Let be the set of all fiber germs of primitive cyclic covering hbrations of type (g, 0, n). 

Then (14.5ft defines a well-defined function Ind : A g 0 n —3 > Q> 0 called the Horikawa index (cf. 
£))• Note that we have Ind(F p ) = 0 when either r = 77 > 3 (in this case R is smooth) or 
p G B is general. We have shown the following: 


Theorem 4.3. Let f : S -3- B be a primitive cyclic covering fibration of type (c/, 0 , 77 ). Then 

K'j = \ g ,o,nXf + Ind ( F p)> 

p&B 

where A 9i o,n is the rational number in CD and, Ind: A g ,o, n —> Q>o denotes the Horikawa 
index defined by (14.5(1 . 

Remark 4.4. As we saw in Lemma [3.31 the gonality of / is n when r > 2n. Therefore, the 
lower bound of the slope of 77 -gonal hbrations cannot exceed 

_ 12(77 - 1) / 77(77 + 1) 

9,0,n ~ 277 - 1 V 2(2 t7 — 1)(c/ — 1) + 77(77 + 1 ) 

When 77 = 2, we have A 9 ) o ,2 = 4 — 4/t? and, therefore, the above theorem recovers the slope 
equality for hyperclliptic hbrations. When n = 3, we have A P)0 ,3 = 24 (g — l)/(5 g + 1) which 
coincides with the lower bound of the slope of semi-stable trigonal hbrations in [14] . This is 
expected to hold also for unstable ones (cf. P- 20]) and ours serves a new evidence for 
that. When 77 = 4, we have A Pi o ,4 = 36(g — l)/(7 g + 3) which is strictly greater than the 
bound 24 (g — 1)/ (5 g + 3) given in [5] for semi-stable (non-factorized) tetragonal hbrations. 

Now, we state a topological application of the slope equality. For an oriented compact 
real 4-dimensional manifold A", the signature Sign(A) is defined to be the number of positive 
eigenvalues minus the number of negative eigenvalues of the intersection form on H 2 (X). 
Using the singularity indices, we observe the local concentration of Sign(S') on a finite number 
of hber germs. 

Corollary 4.5. Let f: S —)■ B be a primitive cyclic covering fibration of type (g,0,n). Then, 

Sign (S) = ^a(Fp), 

peB 

where a: A 9t o,n -> Q is defined by 

-( 77 -1) (77+l)r f (n-l){n + l)(-nk 2 + rk) 

a(Fr) = 3ji ( r — 1 ) + - 

+ 3w ( 7 1 _ Y) (( n + 2 ^ 2n ~ X ) r “ 3n)£{F p ), 


— 77 


(-^p) 
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which is called the local signature of F p . 


Proof. Once we have the Horikawa index, we can define the local signature according to [TJ 
as follows. By the index theorem (cf. [7| p. 126]), we have 

Sign(S) = V WHS) = K) - 8 Xf . 

p+q= 0(mod2) 


Put A = A Si0 ,n- Then A < 12. From the slope equality Kj = A \f + Ind, where Ind = 
^ pgS Ind(F p ), and Noether’s formula 12 Xf = Kj + e/, we get 


K) = 

f 12- A 


Ind + 


A 


12 - A 


e /> Xf 


12 - A 


Ind + 


12 - A 


e f- 


Then 

sign(s) = l2VA Ind - TT^x e '- 

Substituting (14.4h and (14.51) . the desired equality follows by the definition of cr(F p ). 


□ 


5. Upper bound of the slope 

Let /: S —y B be a primitive cyclic covering hbration of type (g,0,n). In this section, we 
give an upper bound of the slope of /. Let the situation be as in the previous section. 

For a vertical divisor T and p E B, we denote by T(p ) the greatest subdivisor of T 
consisting of components of the fiber over p. Then T = We consider a family 

{L*}i of vertical irreducible curves in R over p satisfying: 

(i) L 1 is the proper transform of the fiber or a (—l)-curve E 1 . 

(ii) For i > 2, L l is the proper transform of an exceptional (—l)-curve E l that contracts 
to a point x l on C k or its proper transform for some k < i, where we let C 1 to be E 1 or 
according to whether L 1 is the proper transform of which curve, and C = E for j < i. 

(iii) {L l }i is the largest among those satisfying (i) and (ii). 

The set of all vertical irreducible curves in R over p is decomposed into the disjoint union 
of such families uniquely. We denote it as 

K(p) = D'(p) + ■ ■ ■ + D”’(p), D‘(p) = Y, £*'*, 

fc>l 

where g p denotes the number of the decomposition and {L t,l }i satisfies (i), (ii), (iii). Let C t,k 
be the exceptional (—l)-curve or the fiber T p the proper transform of which is L t,k . 

Definition 5.1. Let ja(F p ) be the number of irreducible curves with self-intersection number 
-an contained in D*(p). Put j a (F p ) := Et=i faiFp), ff Fp) := Y. a >ija( F P ) and j(F p ) := 

e % 1 m\- 

Let af(F p ) be the ramification index of ip : R h —» B over p. It is clear that s(F p ) = j\{F p ) 
and a(F p ) = af(F p ) - 2 Ea> 2 E( F p)- 
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Let L t (F p ) and n t (F p ) be the number of singular points over p of types nZ and nL + 1, 
respectively, at which two proper transforms of C t,k 's meet. We put t{F p ) = Ym,=i an< l 

Lemma 5.2. The following hold: 

(1) i(F p ) = j(F p ) - r/ p . 

(2) af{F p ) > (n - 2)(j(i ? P ) - V P + 2 k(F p )). 

( 3 ) Efc>i «fc( F p) > Ea>i( an - 2 )ja(F p ) + 2p p - k{F p ). 

Proof. We consider the following graph Gb The vertex set ^/(G*) is dehned by the symbol 
set {v t,k y k }^ p \ The edge set E(G t ) is dehned by the symbol set {e x } x , where x moves among 
all singularities contributing to d(F p ). If C t,k or a proper transform of it meets that of C t,k 
at a singularity x of type nZ, the edge e x connects v t,k and v t,k '. By the definition of the 
decomposition R v (p) = D 1 (p) H— • + D r?p (p), the graph G* is connected for any t — 1,..., rj p . 
Since this graph G* has no loops, we have d(F p ) = j t (F p ) — 1. Thus, we get (1) by summing 
it up for t. 

When L t,k is a (—an)-curve, L t,k is obtained by blowing C t,k up an — 1 (or an when k — 1 
and C 4,1 = T p ) times. Thus, disregarding overlaps, D t (p) is obtained by blowing up 

J2(an - 1 )j*(F p ) (or J^(an - l)/ a (F p ) + 1) 

a> 1 a> 1 

times. Thus, the number of singular points needed to obtain D t (p) can be expressed as 
— l)ia(-^p) T 1 — t (F p ) — k ( F p ) = y ] (an ~ 2)j a (F p ) + 2 — n (F p ). 

a> 1 a> 1 

Then, the number of singular points needed to obtain R v (p) is 

- 2 )j*(F p ) + 2 - «b(F p ) J = J ^(an - 2)j a (F p ) + 2r }p - k(F p ). 

t =1 \a>l / a>1 

This give us (3). 

ft remains to show (2). Let T p = Yhi m iGi be the irreducible decomposition. Then we 
have 

ao(Fp) = r - #(Supp (R h ) n Supp(f p )) 

= ^2 m l R h G t - #(Supp (R h ) n Supp(UjGj)) 

i 

> y^frrk - 1 )R h Gi. 

i 

Let x t}1 , ..., x t,l ' t< ' Fp ) be all singular points over p of type nZ at which two proper transforms 
of C t,k, s meet. Let E t,k be the exceptional curve obtained by blowing up at x t,k and m t,k the 

multiplicity of the fiber over p along E t,k . Let us estimate J2t =i Ylk=l P \ mt,k — 1 )RhE t,k . If 
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there exists a singular point of type nZ on E t,k , we replace E t,k to the exceptional curve E 
obtained by blowing up at this point. Repeating this procedure, we may assume that there 
exist no singular points of type nZ on E t,k . If there exists a singular point of type nZ + 1 
on E t,k , the proper transform of the exceptional (—l)-curve obtained by blowing up at this 
point belongs to other D u {p) and becomes L u ’ 1 in D u {p). Since the multiplicity of along 
it is not less than m t,k > 1, we do not have to consider this situation. Thus, we may assume 
that there exist no singularities on E t,k and we have RhE t,k >n — 2. On the other hand, one 
sees that Ylk=i' > mt ' k — 2d(F p ) + 2K t {F p ). Hence, we have 


rjp L t (F p ) 

^(m, - 1 )R h Gi {mt " k ~ 

i t =1 k =1 

Vp ^ (Fp) 

>(n-2 

t= 1 k= 1 
Vp 

>(n-2)^( t ‘(F p )+2 K *(F p )) 

t =1 

= (n - 2 )(i(F p ) + 2 k(F p )). 


Since t(F p ) = j(F p ) - rj p , we get (2). 


□ 


Using Lemma 15.21 we give an upper bound of the slope: 


Theorem 5.3. Let f: S —)• B be a primitive cyclic covering fibration of type ( c/,0, n) and 

2 g ^ r f 0, if r £ 2nZ, 


assume n > 4. Put r := 

n — 1 

(1) If n < r < n{n — 1), f/zen 


+ 2 , <5 :— 


if r f 2nL ^ en > ^ e following hold: 


K) < | 12 


48n 2 (r — 1) 


(n — l)(rz + l)(r 2 — 5n 2 ) 


Xf- 


(2) If r > n(n — 1), then 


Kj < I 12 


48 n{n — l)(r — 1) 


n{n + l)r 2 — 8(2n — l)r + 24n — 5n 3 (n + 1) 
Proof. First, assume that r > n(n — 1). We put 

48 n[n — l)(r — 1) 


Xf- 


n — 1 


p = 


(n(n + l)r 2 — 8(2n — l)r + 24n — 8n 3 (n + 1) ’ 
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p = 


12 (r — 1) 


p. 







By the formulae for Xf and e/ obtained in the previous section, we get 
(12 - fj,) X f - K) = e f - nxf 
— (n — l)a 0 + n ctfc — (2 n — l)e: 




k> 1 

, ( r(2n — 1) — 3rz 
n 


/ i t i 2 i \ 2(r(2n — 1) — 3n) 

«o + (n + 1) > (—nk 2 + rk)atk - -e 

n 

k> i 

r(2n — 1) — 3n A (n + l)(r 2 - 5n 2 ) , N 

= ( n - 1-/i ) «o + 2^ ( <5(fc) + n-—- ~n I a k 


n 


k> 1 


4n 


2(r(2n — 1) — 3n) / 

2n - 1 - —-2-V ] e, 


n 


where 

Therefore, 

(5.1) 

where 


Q(k) = fi ^n(n + 1) (k - 


r \ 2 n(n + 1)5 


> 0. 


(12 — n)xf ~ Kf A A n «o + Bn — (2A n + l)e, 


fc>i 


A. = n - 1 - r(2n ~ 11 ~ B n = n - (n+1)( ; 2 r fa2 ) /. 


n 4n 

By the definitions of /i and //, we see that A n and are positive rational numbers satisfying 


(5.2) - 2A n + nB n -1 = 0. 

We shall show that the right hand side of (15.11) is non-negative by estimating it on each fiber 
F p . By Lemma [5.21 we have 

A n (Xo{Fp) + B n y] ak(Fp) — (2 A n + 1 )e(F p ) 

k> 1 

> ^((n - A)A n + (an - 2 )B n )j a (F p ) + ((n - 4)A n + (n - 2)H n - l)ji(F p ) 

a> 2 

- ((n - 2)A„ - 2 B n )r) p + (2(n - 2)A n - B n )ki(F p ) 

— y^(~2 A n + anB n )j a (Fp ) + (—2A n + iiB n — l)ji(F p ) 

a> 2 

+ ((n - 2)A n - 2 B n )(j(F p ) - rj p ) + (2(n - 2)A n - B n )K(F p ). 


When n > 4, one can show (n — 2)A n — 2B n > 0 and thus all coefficients of j a (F p ), j(F p ) — r] p , 
k(F p ) are non-negative by (15.21) . Hence we get (1). 
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Assume that n < r < n{n — 1). We put 

48 n 2 (r — 1) 


h = 


(n — 1 )(n + 1 )(r 2 — Sn 2 ) 


, // = 


71 — 1 
12(r — 1) 


/i 


and 


A , = n _ 1 _ r( 2 "- 1 )~ 3 y , Bn=n - ( ra+1 )(; 2 - fa2 ) /. 


n ' An 

Clearly, A n > 0 and B n = 0. By Corollary 13.91 we get j(F p ) = 0 for any p e B. Thus we get 


(12 - p)xf - Kj > A n af + Bn^ak = A n af > 0, 

which is the desired inequality. 


fc>i 


□ 


6. Appendix 


Let / : S —> B be a hbration of genus g > 2. Put ef(F p ) = e(F p ) — e(F) for any hber F pi 
where F is a general hber. It is well-known that ef{F p ) > 0 with the equality holding if and 
only if F p is a smooth curve of genus g, and ef — J2 P £B e f(^p)- §4> we have defined the 
Horikawa index and the local signature for primitive cyclic covering hbrations of type (g, 0, n) 
using singularity indices. However, in general, it is not known whether Horikawa indices or 
local signatures, if they exist, are unique (cf. [T]). As to primitive cyclic covering hbrations 
of type (g,0,n), we have obtained another local concentration of ey in (I4.4j) . Therefore, 
we may have two apparently distinct expressions of Sign (A) in this case from the proof of 
Corollary 14.51 In this appendix, we shall show that two expressions coincide. Namely, 

Proposition 6.1. Let f: S —>■ B be a primitive cyclic covering fibration of type ( g,0,n ). 
Then we have _ 

ef(F p ) = (n- l)a 0 (F p ) + - (2 n - 1 )e(F p ) 

k> 1 

for any p G B. 


Proof. It is sufficient to show that 

e f(Fp) = in - l)af(Fp) + ?7^a fc (Fp) - 2(n - 1 )j(F p ). 

k> 1 

Let N = J2 k> i a k(F p ) be the number of blow-ups on T p and T p = the irreducible 

decomposition. We may assume Tj and Rf, are transverse for simplicity. Put = Tji? and 
F l = 9*T i . Then, 

N 

Fp = ^2 m i F i = miFi + m ii F hl ^-1" Fi,n) + ^ nipiFf 

*=0 r i>° r i=° TiCR 

where Fij, F' are smooth rational curves. For r t > 0, the restriction map Fi —y Tj is an 
n-cyclic covering. From the Hurwitz formula, we have 2 g{Ff) — 2 = —2 n + (n — l)r,. Let 
N \, N -2 and N :i be the number of intersection points of two F,; and Tj which is contained in 
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R h , not contained in R^ and that one T, is contained in R, respectively. Clearly, it follows 
N = Ni + N 2 + N 3 . Let J = j(F p ) and K the number of R such that r t = 0. Then, we have 

e(F p ) = ^2 e (F) + 2nK + 2 J - Ni - nN 2 - N 3 

r t >0 

= — [n — l)rj) + 2nK + 2 J — N\ — nN 2 — N 3 

Ti> o 

= 2n(N + 1) — 2 (n — 1) J — (n — 1) ^2 r i ~ N — (n — 1 )N 2 . 

n> o 

Since e(F) — 2n — (n — l)r, we have 

ej(Fp) = (2 n — 1 )N — 2 (n — 1) J + (n — 1) 

On the other hand, we have 

Oio{F p ) = r - #(Supp(f p ) nSupp(^)) 

= rN ± +N 3 . 

Ti> 0 

Combining these equalities, the assertion follows. □ 
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